Starting from an action that describes a Dirac fermion, we propose and analyze a model based on a low-relativistic Pauli equation coupled to a torsion-like term to study Spin Hall Effect (SHE). We point out a very particular connection between the modified Pauli equation and the (SHE), where what we refer to torsion as field playing an important rôle in the spin-orbit coupling process. In this scenario, we present a proposal of a spin-type current, considering the tiny contributions of torsion in connection with geometrical properties of the material. Today, the technological advances provide a wide spectrum of manipulations with the spin degrees of freedom. These amazing and reliable kinds of procedure are propelling the spintronics as a consolidated sub-area of Condensed Matter Physics [1] . Since the experimental advances are increasingly providing high-precision data, many theoretical works are being presented [2-4, 12] for a deeper understanding of the phenomenon. The understanding of the spin currents inside semiconductors is an important field of research with remarkable applications.
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Its importance, considering the scientific and commercial aggregate value, is bringing more interest and new ideas have been presented ever since. We also point out some gauge-field theoretic approaches to the Physics of Graphene [5] , Lagrangians formulations with an SU (2) gauge symmetry associated to spin forces [6] and the quantized spin Hall conductivity [7] .
The connection between spin-orbit interaction and spin currents was theoretically predicted by Diakonov and Perel [8] and, subsequently, by Hirsh [9] . Experimentally, its confirmation has recently been found [10, 11] . The eventual occurrence of impurities in the presence of spin-orbit coupling is currently known as Extrinsic Spin Hall Effect (ESHE), and ever since this subject has raised up a great deal of attention among physicists.
In a more recent stage, two independent groups [12, 13] have proposed the Intrinsic Spin Hall Effect (ISHE), based on peculiarities of the semiconductor structure band. Despite these well-consolidated definitions, it appears that there is some cloud after all. Even though there are differences between both kinds of phenomena, some authors seem to strongly believe that they are the same phenomenon, but with different mechanisms for the charge coupling [14, 15] .
Indeed, we realize that the task here is to try to explain a very complex and singular quantum-mechanical phenomenon, for wich many theoretical approaches have been presented. For High Energy Physics, if any fundamental theory cannot be verified, one might try some approach via effective theories that could take us closer to some particular understanding of lower-energy effects. Adopting General Relativity and Quantum Mechanics as two guide lines, our work sets out to present an alternative point of view for understanding the mobility of twodimensional electron systems (2DES), approaching the Spin Hall Effect as a geometrical consequence of spinorbit coupling also generated by a field that we identify as a torsion-type degree of freedom.
The torsion field appears as one of the most natural extensions of General Relativity; along with the metric tensor, wich couples to the energy-momentum distribution, torsion inspects the details of the spin density tensor. Actually, in General Relativity, fermions naturally couple to torsion by means of their spin. Our main purpose here is to present a low-relativistic description for the SHE by adopting an action for Dirac spinors, and terms that yield CPT-and -Lorentz symmetry breakings. Besides, we shall realize that the Lagrangian density has a covariant derivative given by D µ = ∂ µ + iηγ 5 S µ + ieA µ , with a torsion pseudotrace (S µ ) contribution, and η is a coupling parameter, which measures the interaction of the electrons to some sort of defect represented by the background field, S µ [16] , that is the torsion pseudo-trace.
We start off by considering the following action in natural (c = = 1) units,
where the Dirac fermion is non-minimally coupled to the background. Our sort of gravity background does not exhibit metric fluctuations. The space-time is taken to be flat, and we propose a scenario such that the type of gravitational background is parametrized by the torsion pseudo-trace S µ , whose origin may be traced back to one geometrical defect. We would like to remark that we are considering only the S µ -torsion component because that is equivalent to consider the completely antisymmetric component of torsion and this is the irreducible piece of torsion 1 which couples to the fermions of the Standard Model, in our case, the electron. From the action above, Dirac's equation reads as below:
Defining the gauge-invariant momentum, π j = i∂ j − eA j , the effective Hamiltonian takes the form
In the Heisenberg picture, the position, x, and momentum, π, operators obey two different kinds of relations; we consider the torsion as a function of position only, S = S( x), so thaṫ
One reproduces the usual relation for˙ x, while the equation for˙ π presents a new term apparently giving some tiny correction to the Lorentz force. However, if we consider the torsion in a broader context, now as a momentum-and position-dependent background field, S = S( x, k), we have to deal with the following picture,
The two sets of dynamical equations above are clearly showing us the small corrections induced by the torsion term. Nevertheless, we are still here in the relativistic domain, and it is necessary change this framework for a better understanding of the SHE phenomenology. For this reason, we are going to approach the system by going over into its non-relativistic regimen (| p |<< m). So, in this physical landscape, from now and hereafter,
1 Considering spacetimes with torsion T α βγ , the afine conection is not symmetric, T α βγ = Γ α βγ − Γ α γβ , and we can split it into three irreducible components, where one of them is the pseudotrace
our goal is to consider a low-relativistic approximation based on an extended Pauli equation version by including torsion as presented before. Employing the Hamiltonian (3), we could carry out our calculations in the framework of the Fouldy-Wouthuysen transformations; however for the sake of our approximation at lowest order in v/c, we take that SHE is adequately well described by the lowrelativistic Pauli equation. We are considering that the electron velocities are in the range of Fermi's velocity.
After working out the usual non-relativist limit, we arrive at the version given below for the Pauli's equation:
The equation above displays the usual Pauli terms, but corrected by new terms due to the torsion coupling. The second and the fourth contributions in the RHS of eq. (6) can be thought of as effective terms for σ and S, respectively. Then, by rewriting the equation, we now have:
The fifth contribution in the RHS is proportional to the Rashba SO coupling term; this term yields an important effect on the behaviour of spin. Let us first propose a very particular and very simple case for a planar torsion field, S = 1 2 χ(xŷ − yx); this choice allows us to realize the curl of torsion as an effective magnetic field, ∇ × S = B ef f = χẑ. In so doing, we may cast Pauli's equation in a simplified way,
and, taking that x · σ = 0 (the spins are aligned orthogonally to the plane of motion),
That is the final form for the Pauli's equation after the torsion coupling has been taken into account. The spin couplings are now regulated not only by the Pauli matrices, but they get corrections duel to the torsion term. The torsion field can be realized as responsible for describing some sort of defect connected with the sample geometry and/or the impurities on it. Consequently, it is possible to propose a re-reading of the SHE within this approach. As shown above, our Pauli equation has basically the same structure as the usual in the kinetic and potential parts plus some corrections on the spin sector.
The first and fourth contribution in the RHS of eq. (10) correspond to those in the usual Schrödinger equation in the presence of external fields. The term responsible for describing the spin interaction with the magnetic field now shows us two new Zeeman sectors, ( σ ef f · B)and (σ · S ef f ); both terms yield corrections coming from the torsion and its curl. However, our equation exhibits two new terms: the last one points to torsion influences on the magnetic field and appears to be proportional to the linear Dresselhaus coupling, for it is given by the combination (χẑ · p) and could represent some bulk inversion asymmetry.
Another spin-orbit coupling term due to an inversion asymmetry of the confining potential; shows up this time, a Rashba term (χẑ · ( σ × p)), can be clearly identified and we can use this contribution to infer about the magnitude of the torsion. If we understand (λ · χ/8m) as the usual Rashba coupling constant, experimental data can be used to set up some bound on our constant λ. To determine it, we recall that the magnitude for the Rashba coupling constant can be determined by experimental data, basically controlling the gate voltage [17] . Since we are working with natural units and, λ · χ = 180 eV can be taken here, we consider the torsion curl as an effective or external magnetic field in a range of (10 ≤ χ ≤ 10 6 ) T as a reasonable ansatz, and then, our constant shall be bounded as (0, 2599 × 10 −6 ≤ λ ≤ 0, 2599 × 10 −1 ) eV −1 . The Hamilton equations of motion for our Pauli Hamiltonian can readily be derived from our Pauli Hamiltonian version and yields,
The first equation is merely a kinematic equation of motion. The second one, for charged particle with magnetic moment, is a dynamical equation, where the first term is the well known-Lorentz force, followed by f = − ∇( σ · B) as a force that influences particles with a magnetic moment. The third term in the equation is a force generated by the torsion contribution f t = − ∇( σ · S). This force gives an important contribution to the vector spin polarity. Among the three constants presented, e, µ and η, the first two are the electric charge and the Bohr magneton in Planck units, respectively. The third constant is still unknown and we should investigated it further.
Let us now realize a practical experimental picture here, where we are considering the following set-up:
. Within these limits, we obtain by means of equations (11), the following expressions for thė k-components,
Even though in Spintronics there is not a general consensus on the concept of spin current [18] [19] [20] , we understand, once J = L + S, that it is very reasonable to realize the current as [12] . Following this idea, we can think of it as being induced by some electronic field in terms of the total angular momentum conservation, since thatJ z = (˙ r × k) z + ( r ×˙ k) z +kẑ. In our case, the torque of the second term is zero too, because in our set-upk z is parallel to z. We hope we have obtained a good estimation for the spin current,˙ S, despite the torsion being a non-trivially detectable field. It is giving us an interesting contribution that can be connected with some geometric aspects of the sample or perhaps with the impurities on it. We are aware of the quantitative obstructions to suitably carry out experimental procedures for the ESHE; however, the same is not true for the ISHE case. Following this idea, we conclude by hoping that some specific measurement procedure may be implemented to estimate a correlation between the geometrical aspects of the experimental sample and its consequences on the SHE observed.
